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Abstract
We compute the first radiative correction to the Casimir energy in the (d + 1)-
dimensional λ|φ|4 model submitted to quasi-periodic boundary conditions in one spatial
direction. Our results agree with the ones found in the literature for periodic and anti-
periodic boundary conditions, special cases of the quasi-periodic boundary conditions.
The idea of introducing an arbitrary parameter in order to interpolate continuously dis-
tinct theories is not new in the literature. For instance, fermionic and bosonic partition
functions can be obtained as particular cases of more general ones which are computed as-
suming that these fields satisfy a more general boundary conditions (BC) in the imaginary
time, where the fields acquire a phase eiθ whenever τ → τ + β (β = 1/T ) [1] (for non-
relativistic partition functions see Ref. [2]). Periodic and antiperiodic BC (for bosons and
fermions, respectively) correspond to θ = 0 and θ = pi.
It can be shown that the same effects can be obtained if instead of introducing the
parameter θ, we couple the charged field (bosonic or fermionic) appropriately with a constant
gauge potential of the form (A0, 0), which cannot be gauged away due to the compactification
in the x0-direction, introduced to take into account the thermal effects.
Similarly, we can consider that the field under study is submitted to quasi-periodic BC in
a space dimension, which interpolates the periodic and antiperiodic ones. Analogously, the
introduction of the interpolating parameter is equivalent to coupling the charged field with
a constant gauge field with a non-vanishing component along the space-dimension which is
assumed to be compactified [3].
In this work we discuss the effects of an interpolating BC in the vacuum energy of a
complex scalar field. More precisely, we compute the O(λ) correction to the Casimir energy
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of a complex scalar field whose dynamics is described by the (Euclidean) lagrangian density4
LE = |∂µφ|2 +m2|φ|2 + λ|φ|4 + Lct, (1)
where Lct contains the renormalization counterterms, and subject to quasi-periodic boundary
conditions in the xd-direction, i.e.,
φ(x0, x1, . . . , xd + a) = e
iθφ(x0, x1, . . . , xd), 0 ≤ θ < 2pi. (2)
In previous works we performed similar calculations for Dirichlet-Dirichlet, Neumann-Neumann
[4], and Dirichlet-Neumann [5] boundary conditions.
The Casimir energy (per unit area) of a free field subject to those boundary conditions
was computed in [6] in the (3 + 1)-dimensional case; the result is
E (0)θ (a)
∣∣∣
d=3
= −m
2
pi2a
∞∑
n=1
1
n2
cos(nθ)K2(nma), (3)
where Kν(z) is the modified Bessel. In the massless limit Eq. (3) becomes
E (0)θ (a)
∣∣∣
d=3, m=0
= − 2
pi2a3
∞∑
n=1
cos(nθ)
n4
=
2pi2
3a3
B4
(
θ
2pi
)
(0 ≤ θ < 2pi), (4)
where B4(x) = x
4−2x3+x2−1/30 is the Bernoulli polynomial of fourth degree [7] (see Fig.
1).
The O(λ) correction to (3) is formally given by
E (1) =
∫ a
0
dxd
[
λG2(x, x) + δm2G(x, x) + δΛ
]
, (5)
where G(x, x′) is the Green’s function of the free theory (i.e., with λ = 0, but obeying the
boundary conditions), δm2 is the radiatively induced shift in the mass parameter, and δΛ
is the shift in the cosmological constant (i.e., the change in the vacuum energy which is due
solely to the interaction, and not to the confinement).
The spectral representation of G(x, x′) in d+ 1 dimensions is given by
G(x, x′) =
1
a
∫ ddk
(2pi)d
eik·(x−x
′)
∞∑
n=−∞
eiqn(z−z
′)
k2 + q2n +m
2
, (6)
where x = (x0, . . . , xd−1), z = xd, and qn = (2npi + θ)/a. G(x, x
′) diverges when x′ → x for
d ≥ 1, therefore a regularization prescription is needed in order that G(x, x) makes sense.
We shall compute it using dimensional regularization; the result is
G(x, x) =
Γ (1− d/2)
(4pi)d/2a
∞∑
n=−∞
ωd−2n (d < 1), (7)
4Conventions: h¯ = c = 1; Greek indices vary from 0 to d; summation over repeated indices is understood
unless explicitly stated.
CO02-6 3
–0.2
–0.1
0
0.1
0.2
1 2 3 4 5 6
θ
Figure 1: a3E (0)θ (a) as a function of θ for a massless field in (3 + 1) dimensions.
where ωn =
√
q2n +m
2. Inserting this result into Eq. (5) and arranging terms, we obtain
E (1)θ =
λ
a
[
Γ(1− d/2)
(4pi)d/2
∞∑
n=−∞
ωd−2n +
a δm2
2λ
]2
+ a
[
δΛ− (δm
2)2
4λ
]
. (8)
In order to compute the sum that appears in Eq. (8) it is convenient to reexpress it as
∞∑
n=−∞
ωd−2n =
(
2pi
a
)d−2
D
(
2− d
2
,
ma
2pi
,
θ
2pi
)
, (9)
where D is defined as
D
(
s, ν,
θ
2pi
)
:=
∞∑
n=−∞

ν2 +
(
n+
θ
2pi
)2
−s
, Re(s) > 1/2. (10)
The function D has an analytic continuation to the whole complex s-plane given by [2]
D
(
s, ν,
θ
2pi
)
=
√
pi ν1−2s
Γ(s)
[
Γ
(
s− 1
2
)
+ 4
∞∑
n=1
cos(nθ)
K1/2−s(2npiν)
(npiν)1/2−s
]
, (11)
with simple poles at s = 1/2,−1/2,−3/2, . . . Inserting Eqs. (9) and (11) into Eq. (8) yields
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E (1)θ =
λ
a
{
amd−1
(4pi)(d+1)/2
[
Γ
(
1− d
2
)
+ 4
∞∑
n=1
cos(nθ)
K(d−1)/2(nma)
(nma/2)(d−1)/2
]
+
a δm2
2λ
}2
+a
[
δΛ− (δm
2)2
4λ
]
. (12)
Let us now fix the renormalization conditions for δm2 and δΛ. The former is fixed by
imposing that the one-loop self-energy, given by Σ(1)(x, x) = 2λG(x, x) + δm2, is finite and
satisfies lima→∞Σ
(1)(x, x) = 0. In addition, we require that δm2 be independent of a. All
these conditions are fulfilled by taking
δm2 = −λ 2m
d−1
(4pi)(d+1)/2
Γ
(
1− d
2
)
. (13)
To fix δΛ we also require that it does not depend on a, and that the Casimir energy per unit
volume, E/a, vanishes as a→∞. This is attained by taking
δΛ =
(δm2)2
4λ
. (14)
Inserting (13) and (14) into Eq. (12) we finally arrive at the desired result:
E (1)θ (a) =
λmd−1
2d−1pid+1ad−2
[
∞∑
n=1
cos(nθ)
K(d−1)/2(man)
n(d−1)/2
]2
. (15)
In the special case of d = 3 spatial dimensions it yields
E (1)θ (a)
∣∣∣
d=3
=
λm2
4pi4a
[
∞∑
n=1
cos(nθ)
K1(nma)
n
]2
. (16)
If we further take the limit m→ 0 we obtain
E (1)θ (a)
∣∣∣
d=3, m=0
=
λ
4pi4a3
[
∞∑
n=1
cos(nθ)
n2
]2
=
λ
4a3
[
B2
(
θ
2pi
)]2
(0 ≤ θ < 2pi), (17)
where B2(x) = x
2 − x+ 1/6 is the Bernoulli polynomial of second degree [7] (see Fig. 2).
By taking the limit m→ 0 in Eq. (15) we also recover results found in the literature for
the periodic (θ = 0) and antiperiodic (θ = pi) boundary conditions [8].
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Figure 2: λ−1a3E (1)θ (a) as a function of θ for a massless field in (3 + 1) dimensions.
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